The Minkowski functionals are a mathematical tool to quantify morphological features of patterns. Some applications to the matter distribution in galaxy catalogues and N-body simulations are reviewed, with an emphasis on the effects of cosmic variance. The conclusions are that (i) the observed large-scale morphology is sensitive to cosmic variance on scales much larger than the nonlinear length (≈ 8 h −1 Mpc), and (ii) the large-scale morphology predicted by simulations is thus affected by finite-size effects, but nonetheless a ΛCDM model is favored.
The Minkowski functionals
The Minkowski functionals {M µ (B)} are a set of morphological descriptors of the convex body B. There are d + 1 Minkowski functionals in the d-dimensional Euclidean space (see Table 1 for the geometrical interpretation in d = 3). What makes these functionals interesting is that they build a complete set of morphological descriptors in the following sense (Hadwiger's theorem 1 ): Let M (B) be any functional of the bodies B in the polyconvex ring (the set of all finite unions of convex bodies) and let M (B) satisfy properties (a-c) below. Then, this functional can be written as a linear combination of the Minkowski functionals. The properties to be satisfied by M (B) are rather general and apparently little restrictive:
Cosmological applications of the Minkowski functionals
The Minkowski functionals have been only recently applied to quantify the morphological properties of the galaxy distribution 2, 3 . Galaxy catalogues provide a distribution of points; a simple method to associate a body to the point distribution is the Boolean grain model: every point is taken to be the center of a ball of a given radius r, and one gets a body B r formed by the union of all the balls (Fig. 1) . B r clearly belongs to the polyconvex ring and so Hadwiger's theorem applies. For models of stochastic point processes, one can consider the ensemble average of the Minkowski functionals as a function of the ball radius, M µ (r). These averages depend on all the correlation functions of the stochastic process 2, 4 ; hence, the Minkowski functionals may be useful in cosmological investigations as a compact way for collecting information beyond the two-point level. As a matter of fact, some of the Minkowski functionals had already been employed in the cosmological literature: M 0 is essentially the void probability function, while M 3 is equivalent to the genus analysis. And the four Minkowski functionals share with these by now standard cosmological tools the robustness against errors.
A Poissonian point process (no correlations at all) provides a simple reference model for comparison, since the average Minkowski functionals can be computed analytically 5 . The shaded area in Fig. 2 represents the volume density of the average Minkowski functionals (m µ ) for this Poissonian case together with the region of 1-σ variations. For small radii, the balls barely overlap and m µ corresponds to the Minkowski functional of an isolated ball. For large radii, the balls intersect to yield a single big body: m 0 saturates and the other m µ become very small. The maximum in m 1 is due to the decrease in the exposed area of the balls as they start overlapping. For the same reason, m 2 has first a maximum but then becomes negative, due to the dominant negative contributions of the intersection arcs between pairs of balls. Finally, m 3 exhibits first a negative minimum due to the tunnels in the structure (negative contribution to χ), but then there is a positive maximum because of the cavities formed by the closing tunnels (positive contribution to χ). Fig . 3 shows the last three Minkowski functionals for a volume-limited sample (≈ 100 h −1 Mpc deep) extracted from the PSCz galaxy catalogue 7 , containing ≈ 1300 galaxies. The Minkowski functionals were normalized by M 1 Poisson in order to enhance the visibility. The Minkowski functionals of samples from the IRAS catalogue 8 (covering the same volume but less complete than the samples from the PSCz catalogue) exhibit the same behavior. As well as enhanced clustering, a significant deviation in the morphology between the northern and southern parts is detected. By comparing the Minkowski functionals of subsamples within the northern part and within the southern part, respectively, it could be checked that this deviation does not arise from a particular North-South anisotropy, but it is rather a signature of cosmic variance on the large scales of the sample. In fact, this variance persists when the sample depth is stretched till 200 h −1 Mpc. The same kind of analysis was repeated for the CfA2 catalogue 9 . A significant deviation in the morphological features between North and South is again observed. But this conclusion is not so robust, because the sample depth, ≈ 70 h −1 Mpc, is too small: the maximum reliable ball radius is 5 h −1 Mpc and the results are likely dominated by local effects, as 70 h −1 Mpc-deep subsamples of the IRAS catalogue point out 8, 9 . In conclusion, the morphological features of the galaxy distribution, as measured by the Minkowski functionals, show the effects of cosmic variance on scales larger than the "nonlinear scale" r 0 ≈ 8 h −1 Mpc (defined through σ 2 (r 0 ) = δ 2 = 1). This must be a consequence of the sensitivity of the Minkowski functionals to correlations beyond the two-point level. In fact, they can be used to quantify the degree of planarity and filamentarity of a pattern 9, 10 . So, e.g., it could be checked that galaxies in the CfA2 catalogue tend to be distributed in planar structures: this is likely a signature of the "Great Wall" and a major reason for the observed cosmic variance in this catalogue. Fig. 4 shows the Minkowski functionals extracted from cluster mock catalogues and compared with those from the Abell/ACO cluster catalogue 6 . The mock catalogues correspond to four different cosmological models (side length of the simulation box = 500 h −1 Mpc): standard CDM, tilted CDM (tCDM), ΛCDM, and a model with broken scale invariance (BSI) in the primordial spectrum. The deviations of the CDM and tCDM predictions from observations are larger than the estimated 1-σ dispersion (not shown) in the direction towards less clustering. The ΛCDM and BSI models fit the data much better, but they still exhibit a tendency towards less structure.
Galaxy catalogues

N-body simulations
The Minkowski functionals of the CfA2 catalogue have also been compared with mock catalogues for two cosmological models: ΛCDM (box side length = 141 h −1 Mpc) and τ CDM (box side length = 85 h −1 Mpc) 9 . The models predict again less clustering than observed, and, within this condition, the ΛCDM model is slightly favored.
A first conclusion is therefore the inability of the N-body simulations to reproduce the observed large-scale morphology of the galaxy distribution. Simulations systematically predict less structure than observed. A possible explanation for this result emerges when it is combined with the effects of cosmic variance mentioned in the previous subsection: the simulation volumes are too small to address the question of the large-scale morphology, so that the Minkowski functionals derived from the simulations suffer from finite-volume corrections. Within this cautionary remark, a second conclusion is that a cosmological ΛCDM model seems to provide the best fit to the observed large-scale morphology.
proceeding: submitted to World Scientific on February 1, 2008 Figure 4 . Difference between the Minkowski functionals of the Abell/ACO catalogue and those of mock catalogues for four cosmological models: CDM (solid), tCDM (dotted), ΛCDM (long dashed), BSI (short dashed).
